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ABSTRACT  

Pyrofusion neutron sources are compact, low power systems which may be capable of producing 
short intense pulses of neutrons from D-D fusion reactions. The neutron pulse duration has been too short for 
use as a continuous wave source, and too long for application in interrogation techniques. However, initial 
analysis of pyrofusion dynamics has indicated the potential to manipulate the pulse characteristics through 
system control. This paper introduces the development of state-space multimode system models in 
MATLAB/Simulink that may be used to support the predictability and control of the neutron pulse. 
Preliminary examples of frequency-domain studies, stability analysis and time-domain simulations are 
reported. 
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1  INTRODUCTION 

Previous research groups have focused efforts on the development of the hardware to increase the 
neutron flux [1], [2], [3]. It is anticipated that the pyrofusion devices will require substantial control efforts 
to make these systems useful. The pyrofusion dynamic models under development in MATLAB/Simulink 
could potentially be used for: 
 

1. Estimation of pyrofusion system dynamic response, stability and performance. 
 

2. Determination of controllable pyrofusion dynamics and controllability boundaries. 
 

3. Indication of the type of additional system equalization desirable to achieve better control. 
 

4. Identification of the maximum forcing function bandwidth compatible with reasonable control 
action. 

2 MATHEMATICAL MODEL 

The pyrofusion source comprises pyroelectric crystals in a single or paired arrangement; the work 
presented in this paper focuses on a single crystal shown in Fig.1 attached to a thermoelectric heater/cooler. 
These components are contained within a vacuum chamber which is partially filled with low pressure 
Deuterium gas and contains a deuterated target. When the pyroelectric crystal is thermally cycled a change 
in bound surface charge develops on the exposed polarised face. Through this pyroelectric effect the crystal 
generates high voltages and a strong electric field in the chamber. The electric field is capable of ionising 
the deuterium gas and accelerating the ions into the deuterated target to produce a pulse of neutrons. 
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(a) Single crystal orientation in vacuum chamber 

 

 
 

(b) Temperature distribution across crystal 

Figure 1. Schematic of single crystal system 
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2.1 Thermal subsystem equations 
With reference to Fig.1, during a heating cycle, heat is absorbed at the vacuum chamber cooling-load 

and conducted to the cold-end plate of the thermoelectric module (TEM); it is then pumped to the hot-side 
of the module and into the crystal. The temperature distributions inside the cold-end plate and the vacuum 
chamber can be assumed to be uniform [4]. The describing equation for the energy balance to the cold-
end plate (subscript p) and the vacuum chamber cooling-load (subscript v) can be written as 

 
(MvCv + MpCp)

dTv

dt
 =  − IαTv + hAv ( Ta − Tv) +

kpAc

Lp
(Tc − Tv) +

ρpLc

2Ac
I2                          (1) 

where 𝑀𝑣 is the mass of the vacuum chamber cooling-load [kg], 
𝐶𝑣 is the heat capacity of the vacuum chamber cooling-load [J/kg-K], 
𝑀𝑝 is the mass of the cold-end plate of thermoelectric module [kg], 
𝐶𝑝 is the heat capacity of the cold-end plate of thermoelectric module [J/kg-K], 
𝑇𝑣 is temperature of the vacuum chamber (i.e. the cold side of the TEM) [K], 
𝐼 is the applied current to the thermoelectric module [amps],  
𝛼 is the Seeback coefficient of thermoelectric material [V/K], 
𝑇𝑎 is the temperature of the external environment [K], 
𝑘𝑝 is the mean thermal conductivity of the thermoelectric material [W/K], 
𝐴𝑐 is the total cross-sectional area of the crystal; and is equal to the cross-sectional area for heat transfer 
across the thermoelectric material [m2] 
𝜌𝑝 is the bulk resistivity of the thermoelectric material [Ω − m] and, 
𝐿𝑝 is the length of the thermoelectric elements [m]. 
 
The energy balance to the crystal heat-sink (subscript c) and the hot-end plate (subscript p) as a whole 
leads to 

(McCc + MpCp)
dTc

dt
= IαTc −

kpAc

Lp
 (Tc − Tv)  − ϵσAcTv

4 +
ρpLc

2Ac
I2                         (2) 

 
where 𝑀𝑐 is the mass of the crystal heat-sink  [kg], 
𝐶𝑐 is the heat capacity of the crystal heat-sink [J/kg-K], 
𝑇𝑐 is the temperature of the crystal (i.e. the hot side of the TEM) [K], 
𝜖 is the emissivity of the crystal heat-sink, 
𝜎 is the Stefan-Boltzmann constant [W/m2K4]. 
 
 Equations 1 and 2 are the describing equations for the thermal dynamics of the thermoelectric 
cooler, crystal heat-sink, and chamber cooling-load in the pyroelectric system. The equations are highly 
non-linear due to the temperature dependence of the physical properties, the resistive heat and the Peltier 
effect. 

2.2  Thermal to pyroelectric subsystem equations 

 Changes in bulk crystal temperature alter the lattice spacing of non-symmetrically located ions 
within pyroelectric crystals, such as Lithium Tantalate (LiTaO3). The ion displacement varies the 
spontaneous polarization of the crystal, producing a displacement current Ic parallel to the crystal's polar 
axis. The pyroelectric crystal thermal to electrical conversion may be simply represented as [5] 
 

Ic = γ Ac  
dTc(t)

dt
                                                                         (3) 
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where 𝛾 = 190 𝜇 𝐶/𝐾 − 𝑚2 is the pyroelectric coefficient for 𝐿𝑖𝑇𝑎𝑂3. The pyroelectric current 𝐼𝑐 to 
crystal voltage 𝑉𝑐 may then be expressed as 
 

Cc
 dVc(t)

dt
 +

Vc(t)

Rc
= Ic(t)                                                                 (4) 

 
where the electrical time constant of the crystal, 𝜏𝑒 is 
 

τe = RcCc                                                                                (5) 
The generated crystal surface charge may be calculated by 
 

dQc

dt
= c

dVc(t)

dt
                                                                              (6) 

where c is the system capacitance, expressed as 
 

c = ϵo ϵcr Ac/Lc  + cpara                                                               (7) 
and 𝜖0 is the standard permittivity of the vacuum; 𝜖𝑐  =  47 is the relative permittivity of the 𝐿𝑖𝑇𝑎𝑂3 and 
𝐿𝑐  =  0.01 𝑚 is the length of the crystal. The parasitic capacitance in typically sized systems is 𝑐𝑝𝑎𝑟𝑎 ≈

 0.8 𝑝𝐹; this is due to the chamber walls and electrical wires [3]. 

2.3 System Linearisation  

 Using a small-perturbation analysis a linearised equation set for a typical the pyrofusion device 
can be formed. The variables are considered to be the summation of a steady-state value (denoted by �̅�) 
and a small change (denoted by �̃�) about that operating point, i.e. 
 

Tc(t)   =   𝑇�̅�(t) + 𝑇�̃�(t)  
Tv(t)   =   𝑇�̅�(t) + 𝑇�̃�(t)                                                             (8)  

I(t)   =   𝐼(̅t) + 𝐼(t) 
Vc(t)   =   𝑉�̅�(t) + 𝑉�̃�(t) 

 
 Equation set 8 can be substituted into equations 1, 2, and 4. Taking constant properties for 𝑘𝑝, 
𝜌𝑝, 𝐶𝑝, 𝐶𝑣 , 𝐶𝑐 , 𝛼, and  𝛾, with the preceding considerations, and eliminating steady-state and high order 
terms; the following equations, 9, 10 and 11 may be realised. 

 
(MvCv + MpCp) 𝑇�̃�

̇  = −α 𝐼 ̅𝑇�̃� − α𝑇�̅�𝐼  
kpAc

Lp
(𝑇�̃� − 𝑇�̃�) − hAv𝑇�̃�  +

ρp𝐼̅

2Lp
 𝐼                      (9) 

 
(McCc + MpCp) 𝑇�̃�

̇  = α 𝐼 ̅𝑇�̃� + α𝑇�̅�𝐼  
kpAc

Lp
(𝑇�̃� − 𝑇�̃�) − 3 ϵσAc 𝑇𝑐

3̅̅̅̅  𝑇�̃� +
ρp𝐼̅

2Lp
 𝐼             (10) 

 
(RcCc)𝑉�̃�

̇ = γ Ac Rc𝑇�̃�
̇ − 𝑉�̃�                                                        (11) 

3 SYSTEM REPRESENTATION IN STATE-SPACE 

 The linear time-invariant system of Eqns. 9, 10 and 11 may be represented in state-variable form 
as a set of first-order differential equation, expressed as vector-matrix differential equations of the form 
 

�̇�(t) = f [ x(t), u(t), t ]                                                              (12) 
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where x(t) is an n-dimensional state vector, u(t) is an r-dimensional control vector, f is the system function 
and t is time. With consideration to the physical signals present in the pyrofusion system an appropriate 
state vector may be chosen as 

𝑥(𝑡) =  [ 𝑇�̃�(t)  𝑇�̃�(t)  𝑉�̃�(𝑡)]
𝑇                                                        (13) 

 
Taking derivatives of the state set in Eqn. 13 yields the state variable representation as equation set 14}. 
 

𝑥1̇  = τv
−1 [ −α𝐼�̅��̃�  +  c2(𝑇�̃� − 𝑇�̃�)  − hAv 𝑇�̃� + (c1𝐼 ̅ − α 𝑇�̅�) 𝐼 ] 

𝑥2̇  = τc
−1 [ α 𝐼 ̅ 𝑇�̃� − c2(𝑇�̃� − 𝑇�̃�) − 3ϵσAc 𝑇𝑐

3̅̅̅̅  𝑇𝑐  ̃ + (c1𝐼 ̅ + α 𝑇�̅�  )  𝐼]          (14) 
𝑥3̇ = τe

−1 τc
−1γ AcRc[ α  𝐼 ̅𝑇�̃� − c2(𝑇�̃� − 𝑇�̃�) − 3ϵσAc 𝑇𝑐

3̅̅̅̅  𝑇𝑐  ̃  + (c1𝐼 ̅ + α 𝑇�̅�  )  𝐼] − τe 𝑉�̃� 
 
where 𝜏𝑣 = 𝑀𝑣𝐶𝑣 + 𝑀𝑝𝐶𝑝 is the vacuum chamber thermal time constant, 𝜏𝑐  = 𝑀𝑐𝐶𝑣 + 𝑀𝑝𝐶𝑝 is the crystal 
thermal time constant, 𝜏𝑒  =  𝑅𝑐𝐶𝑐 is the crystal electrical time constant. Two system constants, 𝑐1  =

𝜌𝑝

2𝑙𝑝
 

and 𝑐2  = 𝑘𝑝
𝐴𝑐

𝑙𝑝
 are the electrical and thermal constants respectively. The vector-matrix form of Eqn. set 14 

may expressed in the form 
�̇�(t)  =  Ax(t) + Bu(t) 
y(t)  =  Cx(t) + Du(t)                                                            (15) 

 
where the system matrix is 
 

𝐴 =  [

𝜏𝑣
−1(−𝛼  𝐼 ̅ − 𝑐2 − ℎ𝐴𝑣) 𝜏𝑣

−1𝑐2 0

𝜏𝑐
−1𝑐2 𝜏𝑐

−1(𝛼 𝐼 ̅ − 𝑐2 − 3 𝜖𝜎𝐴𝑐  𝑇𝑐
3̅̅̅̅ ) 0

𝜏𝑒
−1𝜏𝑐

−1𝛾𝐴𝑐𝑅𝑐𝑐2 𝜏𝑒
−1𝜏𝑐

−1𝛾𝐴𝑐𝑅𝑐(𝛼 𝐼 ̅ − 𝑐23 𝜎𝐴𝑐  𝑇𝑐
3̅̅̅̅ ) −𝜏𝑒

−1

]                    (16) 

 
and the control input matrix is 
 

𝐵 = [

𝜏𝑣
−1( 𝑐1 𝐼 ̅ − 𝛼 𝑇�̅�)

𝜏𝑐
−1( 𝑐1 𝐼 ̅ + 𝛼 𝑇�̅�)

𝜏𝑒
−1𝜏𝑐

−1𝛾𝐴𝑐𝑅𝑐( 𝑐1 𝐼 ̅ + 𝛼 𝑇�̅�)

]                                                      (17) 

 
A suitable output vector for system analysis is 
 

𝑦 =  [𝑇�̃� 𝑇�̃� 𝑉�̃� �̃� �̃�]𝑇                                                           (18) 
 
During the heating phase the system generates deuterons. Assuming that all the surface charge is converted 
into ions q, the required output matrix C is 
 

𝐶 = 

[
 
 
 
 
1 0 0
0 1 0
0 0 1

0 0 −
𝑐

1.6×10−19

0 0 0 ]
 
 
 
 

                                                                 (19) 

 
where the charge of a deuteron is 1.6 × 10−19 𝐶. The feed-through vector D=0. During the cooling cycle, 
neutrons can be generated from D-D fusion as the deuterons are accelerated into a deuterated target, and 
one of two possible reactions may occur: 
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𝐻1
2  +  𝐻1

2  →  𝐻2
3 e  (0.82 MeV)  + 𝑛0

1  (2.45 MeV)}    (50 % ) 
 

𝐻1
2  +  𝐻1

2  →  𝑇1
3   (1.01 MeV)  + 𝑝+ (3.02 MeV)}    (50 % )                               (20) 

 
A suitable output matrix for analysis of the dominant characteristics during this phase of the cycle is: 
 

𝐶 = 

[
 
 
 
 
1 0 0
0 1 0
0 0 1
0 0 0

0 0
1

2
𝑁𝑑𝜎

𝑐

1.6×10−19]
 
 
 
 

                                                          (21) 

 
where 𝑁𝑑 is the target density of deuterium atoms per unit volume and 𝜎 is the total integrated cross section 
for D-D fusion. 

4 PARAMETER VARIATION STUDY 

 A parameter variation study may be conducted in MATLAB using a sampling tuneable model. 
The selected operating point variations for this study are given by Eqn. 22 evaluating the system for all 
combinations of these values results in an array of models. Each entry in the array is a state-space model 
that represents the system evaluated at the corresponding operating points. 
 

𝑇�̅� = [233 253 293 313 343] 
𝑇�̅� = [233 253 293 313 343]                                                (22) 

𝐼  ̅ =  [0 1 2 3] 
 
The resulting pyroelectric potential frequency response plots presented in Fig2 indicate that; 
 

1. Variations in vacuum chamber temperature operating point have the least effect on the responsivity. 
 

2. In the intermediate range of frequencies, near the maximum crystal potential magnitude the 
responsivity decreases slightly with decreasing crystal temperature. 

 
3. The input current operating point variations have greatest effect in the low frequency range. 

 
4. In typical pyrofusion experiments it has been observed that ≈ 80 𝑘𝑒𝑉 is required for a reasonable 

ion production [1]. The plots indicate that a suitable input frequency range between ≈ 3 ×
 10−5and ≈ 10−1 𝑟𝑎𝑑/𝑠 may be required for the successful operation of the particular system 
geometry studied. 
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a) Effect of model vacuum chamber temperature 𝑻𝒗
̅̅̅̅  operating point variations. 

 

 
 

b) Effect of model vacuum chamber temperature 𝑻𝒄
̅̅ ̅ operating point variations. 

 
 

c) Effect of model vacuum chamber temperature �̅� operating point variations. 
 

Figure 2: Effect of model operating point variations on pyroelectric crystal potential response. 
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 The system response may be interpreted in terms of a trajectory in the state-space, giving 
additional physical meaning to the time response of the system. The time response in the phase 
plane is generated by starting at an initial condition. The shape of the trajectory depends on the 
eigenvalues of the system. 

 
 

a) Phase-planes trajectories of the thermal system 
 

 
 

b) Effect of model �̅� operating point variations 
 

Figure 3: Example phase-planes trajectories of the thermal system 
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a) Effect of model �̅� operating point variations on crystal temperature-potential trajectories 

 

 
 

b) Effect of model �̅� operating point variations on chamber temperature-potential trajectories 
 

Figure 4: Example phase-planes trajectories of the pyroelectric system 
 
The system phase-plane plots presented in Fig.3 and Fig.4 show; 
 

1. The phase-plane portraits for system temperature changes, shown in Fig.3 are stable nodes, 
indicating that the eigenvalues of the thermal system are real and negative. 

 
2. Variation of the model input current operating point 𝐼 ̅does not affect the stability of the system. 

 
3. The phase-plane portraits in Fig.4 showing system temperature-potential changes are also found to 

be a stable nodes, indicating that the eigenvalues of this system are real and negative. 
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4. Theoretically, a crystal temperature change of ≈ 30𝑜𝐶 could generate a potential of ≈ 100 𝑘𝑒𝑉. 

In experiments around twice this temperature change is required. 
 

5. Changes in the vacuum chamber temperature effect the crystal and lead to changes in potential. 
 

6. The current operating point value,𝐼 ̅is representative of an active heat pump in the thermal system. 
The phase-plane trajectories shown in Fig.4a indicate that this action opposes the generation of 
potential for crystal temperature state. The reverse effect can be observed for vacuum chamber 
temperature state in Fig.4b. 

5 LINEAR PARAMETER VARYING (LPV) MODEL 

The physical system exhibits distinct non-linear behavioural modes corresponding to the 
heating and cooling phases of the operational thermal cycle. By considering an array of the linear 
state-space models it becomes possible to treat these non-linear dynamics as a single system whose 
coefficients change as a function of a set of scheduling parameters which determine which mode 
is active under given conditions. The effect of operating point variations on frequency response 
may then be investigated using a Linear Parameter Varying (LPV) model of the system. An 
example LPV model of the pyrofusion system implemented in Simulink is shown in Fig.5. 
 

 
Figure 5. Example block diagram of a pyrofusion LPV Simulink model. 

 
 

 
Figure 6. Example of the LPV model response for various current input signals. 

 
The LPV block contains an array of state-space models, with crystal potential as the 

scheduling parameter. Fig.6 shows an example of the model response during sinusoidal, square 
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and pulse thermal cycle operations. For the purpose of comparison, all signals have amplitude 
current input of 1 amp and frequency of 10−2 𝑟𝑎𝑑/𝑠. The sinusoidal and square wave signals 
represent the ability to force cool the crystal using the current switching capabilities of a 
thermoelectric cooler control system. These preliminary simulations indicate there may be a forced 
cooling operational requirement at this frequency. 

6 CONCLUSIONS  

 The simulations in MATLAB/Simulink of a simple pyrofusion neutron source model demonstrate 
the possibilities of investigation into the dynamic characteristics using methods of control engineering 
theory. Extensions to the current model and future research may include: 
 

1. Simulation and analysis of the effects system non-linearities such as charge saturation, 
ionisation dead-band, and pyroelectric hysteresis on system stability and controllability. 
 

2. State-variable feedback controller design to minimise the effect of disturbances during cycling 
and saturation within the system. 

 
3. Closed-loop optimal-control law design with consideration of system constraints and time-

varying system parameter behaviours. 
 

4. Extension of the model to include multi-crystal arrangements and optimised combined 
heating/cooling cycles. 
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